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SHORT-TIME EXISTENCE THEOREM FOR THE CR TORSION FLOW
SHU-CHENG CHANG1∗ AND CHIN-TUNG WU2∗
Abstract. In this paper, we study the torsion flow which is served as the CR analogue of
the Ricci flow in a closed pseudohermitian manifold. We show that there exists a unique
smooth solution to the CR torsion flow in a small time interval with the CR pluriharmonic
function as an initial data. In spirit, it is the CR analogue of the Cauchy-Kovalevskaya local
existence and uniqueness theorem for analytic partial differential equations associated with
Cauchy initial value problems.
1. Introduction
One of the goals for differential geometry and geometric analysis is to understand and
classify the singularity models of a nonlinear geometric evolution equation, and to connect
it to the existence problem of geometric structures on manifolds. For instance in 1982,
R. Hamilton ([H3]) introduced the Ricci flow. Then by studying the singularity models
([H2], [Pe1], [Pe2], [Pe3]) of Ricci flow, R. Hamilton and G. Perelman solved the Thurston
geometrization conjecture and Poincare conjecture for a closed 3-manifold in 2002.
It is natural then to investigate a corresponding geometrization problem of closed CR
manifolds by finding a CR analogue of the Ricci flow. More precisely, let us recall that
a strictly pseudoconvex CR structure on a pseudohermitian (2n + 1)-manifold (M, ξ, J, θ)
is given by a cooriented plane field ξ = ker θ, where θ is a contact form, together with a
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compatible complex structure J . Given this data, there is a natural connection, the so-called
Tanaka-Webster connection or pseudohermitian connection. We denote the torsion of this
connection by AJ,θ, and the Tanaka-Webster curvature byW . Then, following this direction,
we consider the following so-called torsion flow on (M, ξ, J, θ)× [0, T ) :
(1.1)


∂J
∂t
= 2AJ,θ,
∂θ
∂t
= −2Wθ,
θ = e2λθ0
It seems to us that the torsion flow (1.1) is the right CR analogue of the Ricci flow. It
is the negative gradient flow of CR Einstein-Hilbert functional (1.3) in view of (1.4). More
precisely, let
{
T, Zα, Zβ¯
}
be a frame of TM ⊗C with ξ⊗C =T 1,0⊕ T 0,1, where {Zα} is any
local frame of T 1,0, and Zβ¯ = Zβ ∈ T
0,1. Then
{
θ, θα, θβ¯
}
, the coframe dual to
{
T, Zα, Zβ¯
}
,
satisfies
dθ = ihαβ¯θ
α ∧ θβ¯,
where hαβ¯ is a positive definite Levi metric. By the Gram-Schmidt process we can always
choose Zα such that hαβ¯ = δαβ¯; throughout this paper, we shall take such a frame. Then we
write J = iθα ⊗ Zα − iθ
α ⊗ Zα. Define
AJ,θ := A
β¯
αZβ¯ ⊗ θ
α + Aβα¯Zβ ⊗ θ
α¯,
and
E = Eα
β¯θα ⊗ Zβ¯ + Eα¯
βθα¯ ⊗ Zβ,
and consider the general CR flow on (M, ξ, J, θ)× [0, T ) given by
(1.2)


∂J(t)
∂t
= 2E(t),
∂θ
∂t
= 2η(t)θ(t).
The CR Einstein-Hilbert functional is defined by
(1.3) E(J(t), θ(t)) =
∫
M
W (t)dµ.
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Here dµ = θ ∧ dθn is the volume form. Since ∂
∂t
dµ = 4η(t)dµ, it follows that
(1.4)
d
dt
E(J(t), θ(t)) = −
∫
M
{(Aα¯βE
β
α¯ + A
α
β¯E
β¯α)− 2ηW}dµ
= −2
∫
M
‖AJ,θ‖
2dµ− 2
∫
M
W 2dµ
≤ 0
if we put
E = AJ,θ and dη(t) = −W (t).
Unlike the Ricci flow, it is not clear that one can apply the so-called DeTurck’s trick ([De])
to prove the short-time solution of the torsion flow. It is therefore natural to consider the
following version of CR torsion flow ( see section 4 for details)
(1.5)


∂J
∂t
= 2AJ,θ,
∂θ
∂t
= −2Wθ,
θ = e2γθ0, γ(0) = γ0;
0
Pβ(γ0) = 0 =W
⊥(x, 0).
on M × [0, T ) in which the initial Tanaka-Webster scalar curvature W (x, 0) w.r.t.
eγ0θ0 and γ0 are pluriharmonic with respect to θ0 (see section 3) and
W⊥(x, t) :=W (x, t)−W ker(x, t).
Here W ker is the CR-pluriharmonic function with respect to θ0 and ξ = ker θ0. In fact, if
M is a hypersurface in Cn+1, i.e. M = ∂Ω for a strictly pseudoconvex bounded domain
Ω in Cn+1, then for any pluriharmonic function u : U → R (∂∂u = 0) with f := u|M , it
follows that f is a CR pluriharmonic function (see Definition 3.15). Moreover, for a simply
connected U ⊂ Ω, there exists a holomorphic function w in U such that u = Re(w).
In this paper, we show that there exists a unique smooth solution to the CR torsion
flow (1.5) in a small time interval with the CR pluriharmonic function as an initial data.
In the above spirit, it is the CR analogue of the Cauchy-Kovalevskaya local existence and
uniqueness theorem for analytic partial differential equations associated with Cauchy initial
value problems.
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We first show that there always exist such θ0 in ξ and γ0 so that
(1.6)
0
Pβ(γ0) = 0 = W
⊥(x, 0).
It is well-known, for the CR Yamabe problem on (M, ξ), that there always exists a contact
form θ0 of constant Tanaka-Webster scalar curvature in a contact class [θ˜0] with ξ = ker θ˜0.
Furthermore, we can write
θ0 = e
2λ0 θ˜0
for some function λ0. Rewrite
θ0 = e
2λ0 θ˜0 = e
2(λ0)ker(e2(λ0)
⊥
θ˜0),
we can choose the particular background contact form θ0 as
(1.7) θ0 := e
2(λ0)⊥ θ˜0 and γ0 := (λ0)
ker.
It follows that the initial contact form
θ(0) = θ0 = e
2γ0θ0
satisfies (1.6). Then we are in the situation as in (1.5).
In this paper, we first follow Hamilton’s original ideas ([H1]) to prove the following short-
time existence result for the CR torsion flow (1.5) in a closed pseudohermitian (2n + 1)-
manifold (M, ξ, θ0). In the appendix, we also give an alternative proof from the point view
of Lax-Milgram theorem ([GT]) for n = 1.
Theorem 1.1. Let (M, ξ) be a closed CR (2n + 1)-manifold. Let J0 be any C
∞ smooth
oriented CR structure compatible with ξ. If there exist γ0 and C
∞ smooth oriented contact
form θ0 with ξ = ker θ0 so that
0
Pβ(γ0) = 0 and W
⊥(x, 0) = 0.
Then there exists δ > 0 and a unique smooth solution (J(t), θ(t) ) to the CR torsion flow (1.5)
on (M, ξ, J0, θ0)× [0, δ) such that (J(0), θ(0) ) = (J0, e
2γ0θ0).
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In particular, if we choose the special forms for γ0 and θ0 as in (1.7), then we have the
following short-time existence result.
Corollary 1.1. Let (M, ξ) be a closed CR (2n + 1)-manifold. Let J0 be any C
∞ smooth
oriented CR structure compatible with ξ and choose a C∞ smooth oriented contact form θ0
and a smooth function γ0 as in (1.7). Then there exists δ > 0 and a unique smooth solution
(J(t), θ(t) ) to the CR torsion flow (1.5) on (M, ξ, J0, θ0) × [0, δ) such that (J(0), θ(0) ) =
(J0, e
2γ0θ0) with
0
Pβ(γ0) = 0 and W
⊥(x, 0) = 0.
Remark 1.1. Let (M, ξ) be a closed CR 3-manifold with a pseudo-Einstein contact form
θ0 of the pluriharmonic scalar curvature (in particular, the constant scalar curvature). Then
there exists a pluriharmonic function γ0 such that θ0 = e
γ0θ0 for some pseudo-Einstein
contact form θ0 due to J. Lee ([L1]) and K. Hirachi ([Hi]). We will study the problem of
asymptotic convergence of solutions of the CR torsion flow (1.5) on this special situation for
the forthcoming topic.
The torsion flow greatly simplifies if the torsion vanishes. This only happens in very special
setups. Indeed, CR 3-manifolds with vanishing torsion areK-contact, meaning that the Reeb
vector field is a Killing vector field for the contact metric g = 1
2
dθ + θ2. In general, one can
still hope that the torsion flow improves properties of the contact manifold underlying the
CR-manifold. It is the case in a closed homogeneous pseudohermitian 3-manifold whose
Lie algebra is isomorphic to su(2). The torsion flow reduces to an ODE if we start with
some appropriate initial conditions and we are able to obtain the long-time existence and
asymptotic convergence of solutions for the (normalized) torsion flow (1.5) in this special case.
More precisely, for any choice of homogeneous complex structure J on SU(2), the solution
of the normalized torsion flow exists for all times and converges to the unique standard
CR-structure Jcan. These computations illustrate the behavior of the torsion flow in special
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cases, and in these cases the torsion flow behaves as can be expected from a Ricci-like flow.
We refer to our previous paper [CKW] for more details.
In general, unlike the Hamilton Ricci flow, the problem of asymptotic convergence of
solutions of the CR torsion flow is widely open in closed CR 3-manifolds. The structure of
CR torsion solitons may be a necessary step in understanding the asymptotic convergence
of solutions of the CR torsion flow. Indeed, one expects CR torsion solitons to model
singularity formations of the CR torsion flow. In the joint works with H.-D. Cao and C.-W.
Chen ([CaCC1], [CaCC2]), we investigate the geometry and classification of closed three-
dimensional CR Yamabe and Torsion solitons. We obtain a classification theorem of complete
three-dimensional CR Yamabe solitons of vanishing torsion which are the same as torsion
solitons. Furthermore, by deriving the CR Hamilton’s type Harnack quantity, we are able to
show that any closed three-dimensional CR torsion soliton must be the standard Sasakian
space form ([T]).
We conclude this introduction with a brief plan of the paper. In Section 2, we survey
basic notions in CR geometry. In section 3, we give some preliminary results concerning the
short time existence of the torsion flow, in particular the evolution equation of the general
CR flow (1.2) and the invariance property for the CR Paneitz operator as in Lemma 3.1. In
section 4, We prove the main Theorem 1.1 as well as Corollary 1.1. In the appendix, we give
an alternative proof via the Lions-Lax-Milgram theorem.
Acknowledgements Part of the project was done during the visit of the first named author
to Yau Mathematical Sciences Center, Tsinghua University. He would like to express his
thanks for the warm hospitality. We also thank Professor Otto van Koert for useful comments
which leads this current paper possible.
2. Preliminaries
In this section, we introduce some basic notions from pseudohermitian geometry as in [L1]
and [L2], and refer to these papers for proofs and more references.
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Definition 2.1. LetM be a smooth manifold and ξ ⊂ TM a subbundle. A CR structure on
ξ consists of an endomorphism J : ξ → ξ with J2 = −id such that the following integrability
condition holds :
(i) If X, Y ∈ ξ, then so is [JX, Y ] + [X, JY ].
(ii) J([JX, Y ] + [X, JY ]) = [JX, JY ]− [X, Y ].
The CR structure J can be extended to ξ ⊗ C, which we can then decompose into the
direct sum of eigenspaces of J . The eigenvalues of J are i and −i, and the corresponding
eigenspaces will be denoted by T 1,0 and T 0,1, respectively. The integrability condition can
then be reformulated as
X, Y ∈ T 1,0 implies [X, Y ] ∈ T 1,0.
Now consider a closed 2n + 1-manifold M with a cooriented contact structure ξ = ker θ.
This means that θ ∧ dθn 6= 0. The Reeb vector field of θ is the vector field T uniquely
determined by the equations
θ(T ) = 1, and dθ(T, ·) = 0.
A pseudohermitian manifold is a triple (M2n+1, θ, J), where θ is a contact form on M
and J is a CR structure on ker θ. The Levi form 〈 , 〉 is the Hermitian form on T 1,0 defined
by
H(Z,W ) = 〈Z,W 〉 = −i
〈
dθ, Z ∧W
〉
.
We can extend this Hermitian form 〈 , 〉 to T 0,1 by defining
〈
Z,W
〉
= 〈Z,W 〉 for all
Z,W ∈ T 1,0. Furthermore, the Levi form naturally induces a Hermitian form on the dual
bundle of T 1,0, and hence on all induced tensor bundles.
We now restrict ourselves to strictly pseudoconvex manifolds, or in other words compatible
complex structures J . This means that the Levi form induces a Hermitian metric 〈·, ·〉J,θ by
〈V, U〉J,θ = dθ(V, JU).
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The associated norm is defined as usual: |V |2J,θ = 〈V, V 〉J,θ. It follows that H also gives
rise to a Hermitian metric for T 1,0, and hence we obtain Hermitian metrics on all induced
tensor bundles. By integrating this Hermitian metric over M with respect to the volume
form dµ = θ∧dθn, we get an L2-inner product on the space of sections of each tensor bundle.
The pseudohermitian connection or Tanaka-Webster connection of (J, θ) is the
connection ∇ on TM ⊗ C (and extended to tensors) given in terms of a local frame {Zα}
for T 1,0 by
∇Zα = ωα
β ⊗ Zβ, ∇Zα¯ = ωα¯
β¯ ⊗ Zβ¯, ∇T = 0,
where ωα
β is the 1-form uniquely determined by the following equations:
dθβ = θα ∧ ωα
β + θ ∧ τβ ,
τα ∧ θ
α = 0,
ωα
β + ωβ¯
α¯ = 0.
Here τα is called the pseudohermitian torsion, which we can also write as
τα = Aαβθ
β.
The components Aαβ satisfy
Aαβ = Aβα.
We often consider the torsion tensor given by
AJ,θ = A
α
β¯Zα ⊗ θ
β¯ + Aα¯βZα¯ ⊗ θ
β .
We now consider the curvature of the Tanaka-Webster connection in terms of the coframe
{θ = θ0, θα, θβ¯}. The second structure equation gives
Ωβ
α = Ωβ¯
α¯ = dωβ
α − ωβ
γ ∧ ωγ
α,
Ω0
α = Ωα
0 = Ω0
β¯ = Ωβ¯
0 = Ω0
0 = 0.
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In [We, Formulas 1.33 and 1.35], Webster showed that the curvature Ωβ
α can be written
as
(2.1) Ωβ
α = Rβ
α
ρσ¯θ
ρ ∧ θσ¯ +Wβ
α
ρθ
ρ ∧ θ −W αβρ¯θ
ρ¯ ∧ θ + iθβ ∧ τ
α − iτβ ∧ θ
α,
where the coefficients satisfy
Rβα¯ρσ¯ = Rαβ¯σρ¯ = Rα¯βσ¯ρ = Rρα¯βσ¯, Wβα¯γ =Wγα¯β.
In addition, by [L2, (2.4)] the coefficients Wα
β
ρ are determined by the torsion,
Wα
β
ρ = Aαρ,
β.
Contraction of (2.1) yields
Ωα
α = dωα
α = Rρσ¯θ
ρ ∧ θσ¯ +Wα
α
ρθ
ρ ∧ θ −Wα
α
ρ¯θ
ρ¯ ∧ θ
= Rρσ¯θ
ρ ∧ θσ¯ + Aαρ
αθρ ∧ θ − Aα¯ρ¯
α¯θρ¯ ∧ θ
We will denote components of covariant derivatives by indices preceded by a comma.
For instance, we write Aαβ,γ. Here the indices {0, α, β¯} indicate derivatives with respect to
{T, Zα, Zβ¯}. For derivatives of a scalar function, we will often omit the comma. For example,
ϕα = Zαϕ, ϕαβ¯ = Zβ¯Zαϕ− ωα
γ(Zβ¯)Zγϕ, ϕ0 = Tϕ for a (smooth) function ϕ.
For a real-valued function ϕ, the subgradient ∇bϕ is defined as the unique vector field
∇bϕ ∈ ξ such that 〈Z,∇bϕ〉 = dϕ(Z) for all vector fields Z tangent to the contact distribution
ξ. Locally ∇bϕ = ϕ
αZ
α + ϕ
α¯Zα¯. Define the sublaplacian ∆b by
∆bϕ = ϕα
α + ϕα¯
α¯.
To consider smoothness for functions on strongly pseudo-convex manifolds, we recall below
what the Folland-Stein space is Sk,p. Let D denote a differential operator acting on functions.
We say D has weight m, denoted w(D) = m, if m is the smallest integer such that D can be
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locally expressed as a polynomial of degree m in vector fields tangent to the contact bundle
ξ. We define the Folland-Stein space Sk,p of functions on M by
(2.2) Sk,p = {f ∈ L
p | Df ∈ Lp whenever w(D) ≤ k}.
We define the Lp norm of ∇bf, ∇
2
bf , ... to be (
∫
|∇bf |
pθ ∧ dθn)1/p, (
∫
|∇2bf |
pθ ∧ dθn)1/p, ...,
respectively, as usual. So it is natural to define the Sk,p-norm ||f ||Sk,p of f ∈ Sk,p as follows:
||f ||Sk,p ≡ (
∑
0≤j≤k
||∇jbf ||
p
Lp)
1/p.
In particular, we denote Sk := Sk,2 for p = 2. The function space Sk,p with the above norm is
a Banach space for k ≥ 0, 1 < p <∞. There are also embedding theorems of Sobolev type.
For instance, S2,2 ⊂ S1,4 (for dimM = 3). We refer the reader to, for instance, [FS] for more
discussions on these spaces. Finally, we also need commutation relations ([L2, Equation
2.15]), sometimes called Ricci identities. Let ϕ be a scalar function and σ = σαθ
α be a (1, 0)
form, then we have
ϕαβ = ϕβα,
ϕαβ¯ − ϕβ¯α = ihαβϕ0,
ϕ0α − ϕα0 = Aαβϕβ¯ ,
σα,0β − σα,β0 = σα,γ¯Aγβ − σγAαβ,γ¯,
σα,0β¯ − σα,β¯0 = σα,γAγ¯β¯ + σγAγ¯β¯,α,
and
σα,βγ − σα,γβ = iAαγσβ − iAαβσγ ,
σα,β¯γ¯ − σα,γ¯β¯ = ihαβAγ¯ρ¯σρ − ihαγAβ¯ρ¯σρ,
σα,βγ¯ − σα,γ¯β = ihβγσα,0 +Rαρ¯βγ¯σρ.
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We also mention some curvature identities. The ones that are relevant for us are the con-
tracted CR Bianchi identities.
Rρσ¯,γ −Rγσ¯,ρ = iAαγ,
αhρσ¯ − iAαρ,
αhγσ¯,
W,γ − Rγσ¯,
σ¯ = i(n− 1)Aαγ,
α,
Rρσ¯,0 = Aαρ,
α
σ¯ + Aβ¯σ¯,
β¯
ρ,
W,0 = Aαρ,
αρ + Aβ¯σ¯,
β¯σ¯.
3. Evolution Equations under the CR Curvature Flow
In this section, we give some preliminary results concerning the short time existence of the
torsion flow. Let θ(t) be a family of smooth contact forms and J(t) be a family of CR struc-
tures on (M,J, θ). We consider the following general CR flow on a closed pseudohermitian
(2n+ 1)-manifold (M,J, θ)× [0, T ) :
(3.1)


∂J
∂t
= 2E,
∂θ
∂t
= 2η(t)θ(t).
Here J = iθα ⊗ Zα − iθ
α ⊗ Zα and E = Eα
βθα ⊗ Zβ + Eα
βθα ⊗ Zβ.
We start by deriving some evolution equations under the general flow (3.1) before speci-
fying to the torsion flow, for which E = AJ (the torsion tensor), and η = −W (the Webster
curvature). All computations will be done in a local frame. Fix a unit-length local frame
{Zα} and let {θ
α} be its dual admissible 1-form. Let Zα(t), θ
α(t) denote a unit-length frame
and dual admissible 1-form with respect to (J(t), θ(t)). Since θα(Zβ(t)) is a positive real
function, we can write

Zα = Fα
βZβ +Gα
βZβ where Fα
β are real and Gα
β are complex. The
fact that Zα(t) is an orthonormal frame means that
δαβ = −idθ(t)(Zα(t) ∧ Zβ(t)).
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By differentiating and substituting the above expression for

Zα, we obtain Fα
β = −ηδβα. By
differentiating J(t)Zα(t) = iZα(t) we find
0 =

JZα + J

Zα − i

Zα = 2Eα
βZβ − 2iGα
βZβ,
so

Zα = −ηZα − iEα
βZβ.
Now differentiate the identities
dθ = ihαβ¯θ
α ∧ θβ , θα(Zβ(t)) = δ
α
β , and θ
α(Zβ(t)) = 0,
to deduce that
(3.2)

θα = 2iηαθ + ηθα − iEαβθ
β.
Now we differentiate (3.2) to obtain
(3.3) d

θα =

θγ∧ωγ
α + θγ∧

ωγ
α +

Aαγθ∧θ
γ + Aαγ

θ∧θγ + Aαγθ∧

θγ.
Since we will derive an identity involving tensors, we will take an adapted frame satisfying
ωγ
α = 0 at a point. Plug in (3.3) and consider the θ∧θγ terms to obtain
(3.4)

Aαγ = −2(iηαγ + ηAαγ)− iEαγ,0 .
On the other hand, contracting (3.3) with Zβ and then contracting with h
βα, computing
modulo θγ yields

ωα
α = i(Aα
γEγ
α + Aα
γEγ
α + ηα
α)θ − [(n + 2)ηα + iEγα,
γ ]θα mod θγ .
Since

ωα
α is pure imaginary, we have
(3.5)

ωα
α = i(Aα
γEγ
α + Aα
γEγ
α +∆bη)θ
+[(n+ 2)ηα − iEγα,
γ ]θα − [(n+ 2)ηα + iEγα,
γ ]θα.
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Differentiate the structure equation with respect to t and consider only the θρ ∧ θσ¯ terms.
This gives
(3.6)

Rρσ¯ = −(Aα
γEγ
α + Aα
γEγ
α +∆bη)hρσ¯ − 2ηRρσ¯
−[(n + 2)ηρ − iEγρ,
γ ],σ −[(n + 2)ησ + iEγσ,
γ ],ρ
After contracting with hρσ¯ we get
(3.7)

W = i(Eγα,
γα−Eγα,
γα)− n(Aα
γEγ
α + Aα
γEγ
α)
−[2(n + 1)∆bη + 2Wη]
= 2Re (iEγα,
γα−nAα
γEγ
α)− [2(n + 1)∆bη + 2Wη].
Recall that the transformation law of the connection under a change of pseudohermitian
structure was computed in [L1, Sec. 5]. Let θˆ = e2fθ be another pseudohermitian structure.
Then we can define an admissible coframe by θˆα = ef (θα + 2ifαθ). With respect to this
coframe, the connection 1-form and the pseudohermitian torsion are given by
ω̂β
α = ωβ
α + 2(fβθ
α − fαθβ) + δ
α
β (fγθ
γ − f γθγ)
+ i(fαβ + fβ
α + 4δαβ fγf
γ)θ,
(3.8)
and
(3.9) Âαβ =e
−2f (Aαβ + 2ifαβ − 4ifαfβ),
respectively. Thus the Webster curvature transforms as
(3.10) Ŵ = e−2f (W − 2(n+ 1)∆bf − 4n(n+ 1)fγf
γ).
Here covariant derivatives on the right side are taken with respect to the pseudohermitian
structure θ and an admissible coframe θα. Note also that the dual frame of {θˆ, θˆα, θˆα} is
given by {T̂ , Ẑα, Ẑα}, where
T̂ = e−2f (T + 2if γZγ − 2if
γZγ), Ẑα = e
−fZα.
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Next we will derive the invariance property for the CR Paneitz operator. Let us first recall
the CR Paneitz operator as following :
Definition 3.1. Let (M, ξ, θ) be a closed pseudohermitian (2n+ 1)-manifold. Define
Pϕ =
∑n
α=1(ϕα
α
β + inAβαϕ
α)θβ = (Pβϕ)θ
β, β = 1, 2, · · ·, n
which is an operator that characterizes CR-pluriharmonic functions ([L2] for n = 1 and [GL]
for n ≥ 2). Here Pβϕ =
∑n
α=1(ϕα
α
β + inAβαϕ
α) and Pϕ = (P βϕ)θ
β, the conjugate of P .
Moreover, we define
(3.11) P0ϕ = δb(Pϕ) + δb(Pϕ)
which is the so-called CR Paneitz operator P0. Here δb is the divergence operator that takes
(1, 0)-forms to functions by δb(σαθ
α) = σα,
α . Hence P0 is a real and symmetric operator and
∫
M
〈Pϕ+ Pϕ, dbϕ〉L∗
θ
dµ = −
∫
M
(P0ϕ)ϕdµ.
We observe that ([GL])
P0ϕ =
1
4
[bbϕ− 2ni(Aαβϕα)β](3.12)
=
1
4
[(∆2b + n
2T 2)ϕ− 2nRe(i(Aαβϕα)β)],(3.13)
for bϕ = (∂b∂∗b + ∂∗b∂b)ϕ = (−∆b + inT )ϕ = −2ϕαα.
Remark 3.1. 1. The space of kernel of the CR Paneitz operator P0 is infinite dimensional,
containing all CR -pluriharmonic functions. However, for a closed pseudohermitian (2n+1)-
manifold (M, ξ, θ) with n ≥ 2, it was shown ([GL]) that
kerPβ = kerP0.
For a closed pseudohermitian 3-manifold of transverse symmetry ( i.e. vanishing torsion),
we have ([Hi])
kerP1 = kerP0.
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2. ([Hi]) Let (M3, ξ, θ) be a pseudohermitian 3-manifold. Then, for rescaled contact form
θ˜ = e2gθ, we have
(3.14) P˜1 = e
−3gP1 and P˜0 = e
−4gP0.
However, the above invariance property for the CR Paneitz holds up to lower-order in di-
mensions five and higher. See Corollary 3.1 for details.
Now we derive the following invariance property for the CR Paneitz operator.
Lemma 3.1. Let θ and θ̂ be contact forms on a (2n + 1)-dimensional pseudohermitian
manifold (M, ξ). If θ̂ = e2fθ, then we have
(3.15)
Ŵα − inÂαβ ,
β = e−3f [Wα − inAαβ ,
β −2(n + 2)Pαf ]
+2ne−2f(R̂αβ −
Ŵ
n
ĥαβ)f
β
and
(3.16)
(Ŵα − inÂαβ ,
β ),α
= e−4f [(Wα − inAαβ ,
β ),α−2(n + 2)P0f ]
+2n[e−2f (R̂αβ −
Ŵ
n
ĥαβ)f
β],α .
In particular for n = 1, we have R̂11 − Ŵ ĥ11 = 0. Then
(3.17) Ŵ1 − inÂ11,
1= e−3f [W1 − iA11,
1−6P1f ]
and
(3.18) Ŵ 11 − iÂ11,
11= e−4f [W1
1 − iA11,
11−6P0f ].
Proof. By the contracted Bianchi identity, we have
n−1
n
(Wα − inAαβ ,
β ) = (Rαβ −
W
n
hαβ),
β .
Also by [L2, P 172]
(3.19) (Rαβ −
W
n
hαβ)− 2(n+ 2)(fαβ −
1
n
fγ
γhαβ) = R̂αβ −
Ŵ
n
ĥαβ.
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Following the same computation as the proof of Lemma 5.4 in [Hi], by using (3.8), (3.9)
and (3.10), we compute
Ŵα = ẐαŴ = e
−fZαe
−2f (W − 2(n+ 1)∆bf − 2n(n+ 1)|∇bf |
2)
= e−3f [Wα − 2Wfα + 4(n+ 1)(∆bf + n|∇bf |
2)fα
− 2(n+ 1)(fγ
γ
α + fγ
γ
α)− 4n(n+ 1)(fγαf
γ + fγf
γ
α)],
iÂαβ ,γ = i(ẐγÂαβ − ω̂α
l(Ẑγ)Âβl − ω̂β
l(Ẑγ)Âαl)
= ie−f [(Zγ + 2fγ)Âαβ + 2(δαγÂβl + δβγÂαl)f
l]
= ie−f (Zγ + 2fγ)e
−2f (Aαβ + 2ifαβ − 4ifαfβ)
+ 2e−3f [δβγ(iAαl − 2fαl + 4fαfl) + δαγ(iAβl − 2fβl + 4fβfl)]f
l
= e−3f [iAαβ,γ − 2fαβγ + 4(fαγfβ + fαfβγ)]
+ 2e−3f [δβγ(iAαl − 2fαl + 4fαfl) + δαγ(iAβl − 2fβl + 4fβfl)]f
l.
Contracting the second equation with respect to the Levi metric ĥγβ = hγβ yields
iÂαβ ,
β = e−3f [iAαβ ,
β − 2fαβ
β + 4(fα
βfβ + fαfβ
β)
+2(n+ 1)(iAαβ−2fαβ + 4fαfβ)f
β].
Thus
Ŵα − inÂαβ ,
β = e−3f [Wα − inAαβ ,
β − 2(n+ 1)(fβ
β
α + fβ
β
α) + 2nfαβ
β
−2Wfα − 2n(n+ 1)iAαβf
β + 4(n+ 1)(fβ
β + fβ
β)fα
−4n(n + 1)fβαfβ − 4n(fα
βfβ + fβ
βfα)].
By using the commutation relations ([L2, Lemma 2.3])
−2(n + 1)fβ
β
α + 2nfαβ
β = −2fβ
β
α + 2nRαβf
β − 2inAαβf
β,
and
fαβ − fβα = ihαβf 0,
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and by (3.19)
[(Rαβ −
W
n
hαβ)− 2(n+ 2)(fαβ −
1
n
fγ
γhαβ)]f
β = ef(R̂αβ −
Ŵ
n
ĥαβ)f
β,
we obtain the following transformation law
Ŵα − inÂαβ ,
β −2ne−2f (R̂αβ −
Ŵ
n
ĥαβ)f
β
= e−3f [Wα − inAαβ ,
β − 2(n+ 2)(fβ
β
α + inAαβf
β)]
= e−3f [Wα − inAαβ ,
β −2(n+ 2)Pαf ].
Then (3.15) and (3.16) follow easily. 
By applying (3.15) and the method of [Hi, Lemma 4.7], we have
Corollary 3.1. Let θ and θ̂ be contact forms on a (2n + 1)-dimensional pseudohermitian
manifold (M, ξ). If θ̂ = e2fθ, then
(3.20)
P̂αf = e
−3fPαf
+ n
2(n+1)
(1− e−2f )(R̂αβ −
Ŵ
n
ĥαβ)f
β
−n(n+2)
(n+1)
(1− e−2f )B̂(f)αβf
β.
Here B̂(f)αβ = fαβ −
1
n
fγ
γĥαβ. In particular for n = 1, we have B̂(f)αβ = 0 and
(3.21) P̂1f = e
−3fP1f and P̂0f = e
−4fP0f .
4. The Proof of Main Theorem
Let (M, ξ, J0, θ0) be a closed pseudohermitian (2n + 1)-manifold. As in (4.15) below, we
do not know the subellipticity for the highest weight operator LJ,θ(G) of the linearization
δ(2Q(J, θ)) for the torsion flow (1.1). Instead we consider the CR torsion flow (1.5), with
the particular choice of the contact form θ0 in ξ and γ0 as in (1.6), in which the highest
weight operator LJ,θ(G) of the linearization δ(2Q(J, θ)) as in (4.19) is subelliptic. We refer
to the step I of the proof of Theorem 1.1 below for details.
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In the following, we first set up the CR torsion flow (1.5) from the point view of finding its
gauge-fixing condition or integrability condition which is a crucial step for the subellipticity
of the linearization (4.19). More precisely, we consider the following flow
(4.1a)


∂J
∂t
= 2FJ,θ,
∂θ
∂t
= 2ηθ,
on (M, ξ, J, θ, ϕ)× [0, T ) with
FJ,θ := Fα
βθα ⊗ Zβ + Fα
βθα ⊗ Zβ
and
η := −eϕ[W + (n+ 1)∆bϕ− n(n+ 1)ϕαϕ
α].
Here J = iθα ⊗ Zα − iθ
α ⊗ Zα and Fα
β := eϕ[Aα
β − iϕα
β − iϕαϕ
β]. We come out with the
following flow
(4.2)


∂J
∂t
= 2eϕ(Aα
β − iϕα
β − iϕαϕ
β)θα ⊗ Zβ + Conj,
∂θ
∂t
= −2eϕ[W + (n+ 1)∆bϕ− n(n + 1)ϕαϕ
α]θ,
on (M, ξ, J, θ)× [0, T ). Thus, for θ = e2λθ0, we denote
λ⊥ := λ− λker
with
λker ∈ ker
0
Pβ i.e.
0
Pβ(λ
ker) = 0.
Then, by choosing ϕ = 2λ⊥, the torsion A˜αβ and scalar curvature W˜ with respect to
θ˜ = e−ϕθ = e−ϕe2λθ0 = e
2λkerθ0
will be 
 A˜α
β = eϕ(Aα
β − iϕα
β − iϕαϕ
β),
W˜ = eϕ(W + (n+ 1)∆bϕ− n(n + 1)ϕαϕ
α).
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It follows that (4.2) implies
(4.3)


∂J
∂t
= 2A˜J,θ˜,
∂θ
∂t
= −2W˜ θ,
θ˜ = e2λ
ker
θ0, θ = e
2λθ0.
In particular
∂λker
∂t
= −W˜ ker and
∂λ⊥
∂t
= −W˜⊥.
Furthermore, we compute for θ˜ = e−ϕθ
∂θ˜
∂t
= −2(W˜ + 1
2
ϕt)θ˜
= −2(W˜ + ∂λ
⊥
∂t
)θ˜
= −2(W˜ − W˜⊥)θ˜.
Hence, with the choice of ϕ(x, t) = 2λ⊥(x, t), (4.2) is equivalent to the following modified
torsion flow on M × [0, T ) with the maximal time T :
(4.4)


∂J
∂t
= 2A˜J,θ˜,
∂θ˜
∂t
= −2(W˜ − W˜⊥)θ˜,
θ˜ = e2λ
ker
θ0
coupled with
(4.5)
∂λ⊥
∂t
= −W˜⊥.
According to (4.4) which is the deformation with respect to e2λ
ker
θ0 only, then we in
particular consider the original modified torsion flow (4.2) with the special choice
(4.6)
1
2
ϕ(x, t) = λ⊥(x, t) and λ⊥(x, 0) = W˜⊥(x, 0).
Then if the initial Tanaka-Webster scalar curvature W˜ (x, 0) w.r.t. eγ0θ0 is plurihar-
monic, i.e.
W˜⊥(x, 0) = 0,
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we have
W˜⊥(x, t) = 0 = λ⊥(x, t)
as long as the solution exists for all t ∈ [0, T ). In this case, it follows that (4.2) is equivalent
to the following torsion flow on M × [0, T ) with the maximal time T :
(4.7)


∂J
∂t
= 2A˜J,θ˜,
∂θ˜
∂t
= −2W˜ θ˜,
θ˜ = e2γθ0;
0
Pβ(γ0) = 0 = W˜
⊥(0).
Finally by replacing θ˜ by θ without ambiguity, we rewrite (4.7) as the following tosion
flow on (M, ξ, J, θ)× [0, T ) :
(4.8)


∂J
∂t
= 2AJ,θ,
∂θ
∂t
= −2Wθ,
θ = e2γθ0;
0
Pβ(γ0) = 0 = W
⊥(0).
Note that
W⊥(x, t) = 0 = γ⊥(x, t)
as long as the solution exists for all t ∈ [0, T ).
Next for θ = e2λθ0, it follows from Lemma 3.1, Corollary 3.1 and commutation relations,
we compute
ηβ + inFβ
α,α = −Wβ + inAβ
α,α
= −e−3γ [
0
W β − in
0
Aβ
α,α−2(n + 2)
0
P βγ]
−2ne−2γ(Rαβ −
W
n
hαβ)γ
β
= −e−3γ [
0
W β − in
0
Aβ
α,α ]
−2ne−2γ(Rαβ −
W
n
hαβ)γ
β.
Hence
(4.9) ηβ + inFβ
α,α= l.o.t.in γ.
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We observe that (4.9) will be the gauge-fixing condition or integrability condition for the
flow (4.8) below.
We are ready to prove the existence of short-time solution for the torsion flow (1.5) on
(M, ξ, J, θ)× [0, T ) :
Proof of Theorem 1.1. Step I. We first find the linearization of the flow (1.5) :
For θ = e2γθ0 with
0
Pβ(γ) = 0, we can rewrite the flow (1.5) as
(4.10) ∂
∂t
(J ⊕ θ) = 2Q(J, θ).
Here Q(J, θ) := FJ,θ ⊕ ηθ with
FJ,θ := AJ,θ,
η := −W.
with
0
Pβ(W ) = 0. We use δJ, δθ to denote the variations of J and θ, respectively. Set
δJ = 2E and δθ = 2hθ
with
0
P β(h) = 0. Here E is an endomorphism: ξ → ξ satisfying J ◦E +E ◦ J = 0 and h is a
smooth function. Let δJ and δθ denote the linearization operators with respect to J and θ.
From section 3, we see that
(4.11)
δJAαβ = i(Eαβ ,0 )
δθAαβ = 2(ihαβ) + l.o.t.
and
(4.12)
δJW = i(Eγα,
γα−Eγα,
γα) + l.o.t.
δθW = −2(n + 1)(∆bh) + l.o.t.
with
0
Pβ(γ) = 0 and
0
P β(h) = 0. We first compute the linearization of 2AJ,θ. Let Om denote
an operator of weight ≤ m (see [CL1, page 234]), and define the total variation as δ = δJ+δθ.
Put
G := E ⊕ hθ.
22 SHU-CHENG CHANG
1∗
AND CHIN-TUNG WU
2∗
With (4.11) we compute the variation of the torsion as
(4.13) δ(2AJ,θ) = 2Re
(
[2iEα
β,0+4ihα
β ]θα ⊗ Zβ
)
+O1(G).
The linearization of −2Wθ can be computed with (4.12),
(4.14)
δ(−2Wθ) = {2i(Eγα,
γα−Eγα,
γα )
+4(n+ 1)(∆bh) +O1(G)}θ
With these linearizations, we write the highest weight operator LJ,θ(G) of the linearization
δ(2Q(J, θ)) as
(4.15)
LJ,θ(G)
= 2Re
(
{[2iEα
β ,0+4ihα
β]}θα ⊗ Zβ
)
⊕[2i(Eβα,
βα−Eβα,
βα ) + 4(n+ 1)∆bh]θ.
Next we define the linear operator H(J, θ) by
(4.16) H(J, θ)(G) := (hα + inEαβ ,
β )−O0(G)
with G = E ⊕ hθ and h ∈ ker(
0
P β). Here O0(G) is the lower-order terms as in (4.9).
Thus Q(J, θ) satisfies the condition as in (4.9) :
H(J, θ)Q(J, θ) = (ηα + inFα
β,β )−O0(G) = 0.
Now from the following commutation relations
Eαβ,
β
γ −Eαγ ,
β
β = i(n− 1)Eαγ,0 +RασE
σ
γ − Rα
β
γσE
σ
β,
Eαγ ,β
β −Eαγ ,
β
β = inEαγ,0 +Rγ
σEασ +Rα
σEσγ .
We derive that on the subspace
(4.17) kerH(J, θ) = {G = E ⊕ hθ| (hα + inEαβ ,
β )−O0(G) = 0}
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the following identities hold
(4.18)
(∆bh) = in(Eαβ,
βα−Eαβ ,
βα ) +O1(G),
(∆bEα
β) = [i(2 − n)Eα
β,0+
2
n
ihα
β] +O1(G).
Here we have used the gauge-fixing condition
(hα + inEαβ ,
β ) = O0(G).
Therefore it follows from (4.15) that the highest weight operator LJ,θ(G) of the lineariza-
tion 2δ(Q(J, θ)) is
(4.19)
LJ,θ(E ⊕ hθ)
= {4nRe[(LαEα
β))θα ⊗ Zβ]⊕ 2(2n+ 2 +
1
n
)(∆bh)θ}
= {4nRe[Lα(Eα
β)θα ⊗ Zβ]⊕ 2(2n+ 2 +
1
n
)(∆bh)θ}
= {4nRe[Lα(Eα
β)θα ⊗ Zβ]⊕ 2(2n+ 2 +
1
n
)(∆bh)θ}
on kerH(J, θ)(E ⊕ hθ) with
(4.20) Lα = ∆b − iαT, α = −
(n− 1)2
n
= −(n− 2 +
1
n
).
Step 2. The sub-ellipticity and short-time existence :
It follows from (4.20) that the Folland-Stein operator Lα with this particular value
α = −(n− 2 +
1
n
)
is subelliptic (see [FS]). In particular α = 0 if n = 1 and then L0 = ∆b which is subelliptic.
Moreover, it follows from (4.9) and (A.2), (A.3) below that we may then use (see remark
4.1)
(4.21) H(J, θ)(G) = ((hα + inEαβ ,
β )−O0(G) = 0.
as the gauge-fixing condition (see appendix ) for the torsion flow (1.5). It follows that L
as shown in (4.19) maps kerH(J, θ) into itself modulo terms of lower weight. Since L is
subelliptic on kerH(J, θ), by comparing [CL1, Lemma 3.3], once the highest weight operator
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LJ,θ(G) of the linearization 2δ(Q(J, θ)) on kerH(J, θ) is subelliptic, then the short-time
existence of the torsion flow (1.5) follows easily from the linear theory of the Folland-Stein
space and section 5 as in [CL1] under the gauge-fixing condition (4.21). For completeness,
we will discuss the gauge-fixing condition more details as in Appnedix for n = 1. 
To make the proof more clear, we make a remark as following :
Remark 4.1. As shown in the appendix (A.2), ker B˜J is the natural gauge-fixing condition
for 

∂J
∂t
= 2AJ,θ,
∂θ
∂t
= −2Wθ,
θ = e2λθ0.
However, we do not know the subellipticity for the highest weight operator LJ,θ(G) of the
linearization δ(2Q(J, θ)) as in (4.15). Instead, it follows from (4.9) that (4.21) is the right
gauge-fixing condition for the current type CR torsion flow


∂J
∂t
= 2AJ,θ,
∂θ
∂t
= −2Wθ,
θ = e2γθ0;
0
Pβ(γ0) = 0 =W
⊥(0).
As we have proved that the highest weight operator LJ,θ(G) of the linearization δ(2Q(J, θ))
as in (4.19) is subelliptic.
Appendix A. Alternative Proof via the Lions-Lax-Milgram Theorem
A. Finding the gauge-fixing condition for n = 1 :
For simplicity, let (M, ξ, J0, θ0) be a closed pseudohermitian 3-manifold. We first observe
that the highest weight operator LJ,θ(G) is self-adjoint, i.e., L
∗ = L with respect to the inner
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product:
< E + hθ, F + kθ >(A.1)
=
∫
M
[E11F1¯1¯ + F11E1¯1¯ + 2hk]θ ∧ dθ.
Let Xf be the contact vector field for the real-valued function f ∈ C
2(M). Then one has
LXf θ = −(Tf)θ,
and
LXfJ = 2B
′
Jf := 2(f
1
1 + iA1
1)θ1 ⊗ Z1 + 2(f
1
1 − iA1
1)θ1 ⊗ Z1
See for instance [?]. In particular, we have Xf = T for f = 1, and the above equation
reduces to
LTJ = 2JAJ,θ.
Recall that Xf is an infinitesimal contact diffeomorphism if and only if LXf θ = µθ for
some function µ. So an infinitesimal contact orbit reads
LXfJ + LXf θ = 2B
′
Jf − (Tf)θ := 2B˜
′
Jf.
An orthogonal infinitesimal slice is described by B˜J(G) where B˜J is the adjoint of B˜
′
J with
respect to the inner product (A.1). By a direct computation ([CL2, Lemma 3.4]), one obtains
(A.2)
B˜J(G) = BJ(E) + h,0
= E11,1¯1¯ + E1¯1¯,11 + h,0 + iA11E1¯1¯ − iA1¯1¯E11
= E11,1¯1¯ + E1¯1¯,11 + h,0 +O1(E, h).
Observe that FJ,θ ⊕ ηθ satisfies
(η1 + iF1
1,1 )−O0(F, η) = 0
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and then
B˜J(Q)(A.3)
= B˜J(FJ,θ ⊕ ηθ)
= F11,1¯1¯ + F1¯1¯,11 + η,0+O1(F, η) = 0.
by the CR Bianchi identity. On the other hand, it follows from (4.17) that
(E11,1¯1¯ + E1¯1¯,11 + h,0) +O1(E, h) = 0
on kerH(J, θ). It follows from (4.9) that we may then use (see remark 4.1)
H(J, θ)(G) = ((h1 + inE11,
1 )−O0(G) = 0.
as the gauge-fixing condition for the torsion flow (1.5).
B. Alternative proof of the short-time existence via the Lions-Lax-Milgram
theorem for n = 1 :
Proof. We claim that L is subelliptic on kerH(J, θ)(G). Note that L∗L = L2. We denote
that
(A.4) L∗L(E + hθ) = F + kθ
with
(A.5) F = 4(∆2bE11θ
1 ⊗ Z1¯ +∆
2
bE1¯1¯θ
1¯ ⊗ Z1) := 4∆
2
bE
and
(A.6) k = 100∆2bh.
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Substituting (A.5) and (A.6) into (A.4), we compute
(A.7)
||L(E + hθ)||2L2 = < L
∗L(E + hθ), E + hθ >
= < 4∆2bE, E > +200
∫
M
(∆2bh)hθ ∧ dθ
= 8||∆bE||
2
L2 + 200||∆bh||
2
L2 .
Since ∆b is subelliptic, we conclude that
(A.8) ||E||2S2 + ||h||
2
S2
≤ C(||L(E + hθ)||2L2 + ||E + hθ||
2
L2)
for some constant C > 0, where || · ||S2 denotes the norm on the Folland-Stein space S2
:= {(E, h) ∈ L2 | P (E, h) ∈ L2 whenever w(P ) ≤ 2} as in (2.2). Finally, we can obtain
estimates of higher order derivatives from (A.8) and interpolation inequalities in the Folland-
Stein spaces Sk by observing that [L, ∇Z1 ] and [L, ∇Z1¯ ] are operators of weight 2 :
(A.9) ||E||2Sk+2 + ||h||
2
Sk+2
≤ C(||L(E + hθ)||2Sk + ||E + hθ||
2
L2)
for E, h satisfying the gauge-fixing condition.
On the other hand
(A.10)
< L(E + hθ), E + hθ > = < 2∆bE, E > +20
∫
M
(∆bh)hθ ∧ dθ
= −2
∫
M
|∇bE|
2θ ∧ dθ − 20
∫
M
|∇bh|
2θ ∧ dθ
= −2||∇bE||
2
L2 − 20||∇bh||
2
L2.
It follows from (A.10) and the Poincare-type inequality ([J]) that
(A.11) − < L(G), G >≥ C(||∇bG||
2
L2 + ||G||
2
L2)
on kerH(J, θ)(G). Hence < L(·), · > is coercive ([GT]).
Note that Theorem 21.1 from [FS] gives the regularity in space and Theorem 4.6 in [CL1]
gives the regularity in time.
Let J0 be any C
∞ smooth oriented CR structure compatible with ξ and θ0 be any C
∞
smooth oriented contact form for ξ. Based on the subelliptic estimates (A.9), the coercive
property (A.11) plus the implicit function theorem, we have, for any integer m, there exists
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δ > 0 and a unique Cm-solution J(t) and θ(t) to the torsion flow (1.5) on the interval [0, δ)
such that (J(0), θ(0) ) = (J0, e
2γ(0)θ0). This is the so-called Lions-Lax-Milgram theorem as
in [GT, Theorem 5.8], [Tre], [Y], [LM] for elliptic-type and Theorem 4.1. in chapter IV of [S]
and a generalization due to J. L. Lions of the Lax-Milgram Thoerem of [Tre, Lemma 41.2]
for parabolic-type. 
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